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Abstract. In this paper, we investigate some properties between g-Bernstein poly- 
nomials and g-Euler numbers by using fermionic p-adic ^-integrals on Z p . From these 
properties, we derive some interesting identities related to the gr-Euler numbers. 



51. Introduction 



Let p be a fixed odd prime number. Throughout this paper Z p , Q p , and C p 
will denote the ring of p-adic rational integers, the fields of p-adic rational numbers, 
and the completion of algebraic closure of Q p , respectively. Let v p be the normalized 
exponential valuation of C p with \p\ p = p~ v p(P) = ~. When one talks of g-extension, q 
is variously considered as an indeterminate, a complex number g 6 Cor p-adic number 
q G C p . If q G C, one normally assumes \q\ < 1, and if q G C p , one normally assumes 

|1 ~~ q\p < 1- We use the notations of g-numbers as [x] q = and [x]- q = i+5 ■ 
Let C[0, 1] denote the set of continuous function on [0, 1]. For / G C[0, 1], ^-Bernstein 
operator is introduced in [2] as follows: 

(1) B»,«(/ix) = x;/(^)(?)w5[i-*]r* = E^-) fl M(^9)- 

fc=o n V / 9 fc = o n 

Here M n ^ q (f\x) is called (/-Bernstein operator of order n for /. For k,n G Z + (= 
N U {0}), the ^-Bernstein polynomials of degree n is defined by 



B k , n (x,q)=(^[x] k q [l-x]r k , (see [2]). 



-ftTe?/ words and phrases. q-Bernstein polynomials, q-Euler numbers , q-Stirling numbers, fermionic 
p-adic integrals. 
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Let UD(Z p ) be the space of uniformly differentiable functions on Z p . For / G UD(Z p ) : 
the fermionic p-adic g-integrals on Z p is defined by 



p w -i 



(3) /,(/) = I f(x)d/JL- q (x) = Jim jJi— £ /(*)(-«)*, (see [3, 4, 5]). 

JZ p IP \~q x= q 

As well known definition, Euler polynomials are defined by 

(4) e * = (see [1-11]). 

n=0 

In the special = 0, E n (0) = E n are called the n-th Euler numbers. By (4), we 

see that the recurrence formula of Euler numbers is given by 

(5) E Q = 1, and (E + l) n + E n = 0, if n > 0, (see [2, 4, 5]), 

with the usual convention of replacing E n by i? n . When one talks of ^-analogue, q is 
variously considered as an indterminate, a complex number q G C, or a p-adic number 
q <E C p . If g G C, we normally assume |g| < 1. If (/ G C p , we normally always assume 
that |1 — q\ p < 1. As the (/-extension of (5), the g-Euler numbers are defined by 

(6) £o, g = 1, and q(q£ + l) n + U, g = 0, if n > 0, (see [5]), 

with the usual convention of replacing £ n by ^ n>9 . The (/-Euler polynomials are also 
defined by 

(7) £„,,(*) = (f) [xr q - l q lx ^ q , for n G Z+, (see [5]). 
By (6) and (7), we easily get 

(8) q^M) + £n, q = 1, if n > 0, (see [4, 5]). 
In [5], Witt's formula for the g-Eula polynomial is given by 

(9) t», q {x) = £\y + x]W- 1 {y)=y^ for n > 0. 
By (9), we eaily see that 



^) = E(")« fa ^ = (^ +1 ) n - 



In this paper, we investigate some properties between (/-Bernstein polynomials and 
g-Euler numbers by using fermionic p-adic (/-integrals on Z p . From these properties, 
we derive some interesting identities related to the g-Euler numbers. 



§2. g-Euler numbers and g-Bernstein Polynomials 

In this section we assume that q £ C p with |1 — q\ p < 1. From (6), (7) and (9), we 
note that 



q 2 i Kq {2) - q - q 2 = q 2 (q(q£ + 1) + if - q - q 

(10) 



I 2 + 



Therefore, we obtain the following theorem. 
Theorem 1. For n G N, we have 



£„, g (2) = 1 + - + ^ n , q . 

q q 2 



By (9), we easily get 
jf [#>) = yO) = ^=A^Q(^, forn>0, 



and 
(11) 



p I — p I — 

It is easy to show that [1 — x]\ = (— l) n q n [x — 1]™. Thus, we have 

(12) / [1 - x]U^ q (x) = (-l) n q n [ [x - l]»diM- q (x) = (-l) n q n £ ntq (-l). 

JZ V q JZr, 



By (11) and (12), we obtain the following proposition. 
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Proposition 2. For n G Z +; we /mi>e 



/ [i - x]?d^(a;) = £ (-i)'fc,, = (-i)VW-i)- 

From (3), we can derive the following equation (13). 
(13) jf [l-x + x 1 ]2d M (x 1 ) = (-l)V(j^E (")(-!) 



1 + q* 1 



1=0 

By (9) and (13), we obtain the following proposition. 
Proposition 3. For n G Z +; we have 

(14) / [1 -x + x 1 ]ldfx_i(x 1 ) = (-l) n q n / [z + £i] g d / u_ g (xi). 

By (12) and (14), we get 
(15) 

9 n (-l) n e»,«(-l) = (-l)V / [xi-l]^_,(x 1 )= / [2 + xi]?d^_i(xi) = e B> i(2). 

•/z p ./z p 9 9 9 

Therefore, by (15), we obtain the following corollary. 
Corollary 4. For n > 0, we have 

e„,i(2) = (-imn >g (-i)- 

From (12) and Corollary 4, we have 

(i6) / [i-x]?dM_ g (x) = (-imn,,(-i) = e„ > i(2). 

Jz p 

By (12), (16) and Theorem 1, we obtain the following theorem. 
Theorem 5. For n G N, we /jat>e 

/ [l-x] n idfx- q (x) = q 2 [ [x]ldfi_i(x)+q + l = [2] q + q 2 ^ n i. 

JZ P 9 Jz p 9 9 '9 

Now we consider the p-adic analogue of (1) and (2) on Z p . For a; G Z p and 
/ G UD(7i p ), we define p-adic (/-Bernstein operator of order n for / as follows: 

n h f \ n h 

fc=0 V 7 fc=0 



For n, k G Z + , the p-adic g-Bernstein polynomials of degree n is defined by 

(17) B k , n (x,q) = -x]r fc , where x G Z p . 

Taking the fermionic p-adic g-integral on Z p for one (/-Bernstein polynomials in (17), 
we get 

/ B k>n (x,q)d l M. q (x)= (l) / [a;]5[l-x]?- fc d//_,(x) 

(1 8) =(;)e *)(-!)■ /wr*-, w 



i=0 
n — k 



(:)e("7>-)w 



From (17), we note that 

(19) B ktTl (x, q) = S n _ fc)n (l - where n, fe G Z + and x G Z p . 

By (19), we get 

/ B ktn (x,q)d/j- q (x) = I B n _ kjH (l - x,-)d/i- q (x) 



E(*)(-D t+, f n -«.iP)- 



By comparing the coefficients on the both sides of (18) and (20), we obtain the 
following theorem. 

Theorem 6. For n,k G Z + with n > k, we have 

E ("7 *)(-D w, = E CV»'V, 4 (2). 

i=o v 7 z=o v 7 



By Theorem 1 and Theorem 6, we obtain the following corollary. 
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Corollary 7. Let n, k G Z + with n > k. Then we have 
-k , , N fc 



Moreover, 



p o ( n ~i k ) = ? 2 E (/) (-i) fc+ '*»-«,* , i/ * > o. 
E0(-ife = [2],+^i- 



For m,n,k G Z + with m,n > k, we consider the fermionic p-adic g-integral for 
multiplication of two (/-Bernstein polynomials on Z p . 

jf 5 fc , n (x,g) J B fc , m (x,g)rf/x_ g (x) = Q (™) jf [1 - 2fe ^_,(x) 



i=0 

2fe 



From (21) and Theorem 1, we can derive the following equation (22). 

B Kn (x,q)B k „(x,q)d^,(x) = (™) (™) £ ( 2 *) (-l) ,+2 'C„ +ra _,,± (2) 



(22) 



For n, m, k G Z+, it is easy to show that 
(23) 

B Kn {x,q)B Krn {x,q)dv- q {x)= y k jy k j [ / J (-l)'£l+2fc, g - 

Therefore, by (22) and (23), we obtain the following theorem. 
Theorem 8. Let m,n,k G Z + u>z£/i m + n > 2/c. T/ien we have 

m (" + ™ " ("1) W* = . 2 £ (-l)^^^,! , if k > 0. 

Moreover, 



En m (-^^ 2 ui+[2] ( 



By induction hypothesis, we obtain the following theorem. 

6 



Theorem 9. Let n\, n 2 , • • • , n s , k G Z + (s G N) with ri\ + n 2 + h n s > sk. Then 

we have 

ni +---+n s -sk , _ 

y l JK-l) €l + sk,q 



Moreover, 



niH hn 



i r« s / . \ 

(" 1 + 7 + "'j(-l)' & , = [2], + {„ 1+ ... + „., i . 
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